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a b s t r a c t
We give an overview of the role of equicontinuity of sequences of real-valued functions
on [0, 1] and related notions in classical mathematics, intuitionistic mathematics, Bishop’s
constructive mathematics, and Russian recursive mathematics. We then study the logical
strength of theorems concerning these notions within the programme of Constructive
Reverse Mathematics. It appears that many of these theorems, like a version of Ascoli’s
Lemma, are equivalent to fan-theoretic principles.
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1. Introduction
Bishop’s constructive mathematics (BISH) can be seen as lying in the intersection of classical mathematics, intuitionistic
mathematics, and recursive mathematics. That means that we can characterise BISH as
• classical mathematicswithout the Law of Excluded Middle and several Choice Principles;
• intuitionistic mathematicswithout principles of Bar-Induction, Continuity Principles and Kripke’s Scheme;
• recursive mathematicswithoutMarkov’s Principle and the Church-Turing Thesis.
Therefore BISH can be used as a base to study the logical strength of various non-constructive principles.
However, to make the—now important—distinction between pointwise continuous functions and uniformly continuous
functions, we have to break with Bishop’s convention of studying only functions that are uniformly continuous on compact
sets (and calling them continuous) [7]. Nor do we presuppose that all functions are pointwise continuous.
In this paper we will concentrate on two both classically and intuitionistically true, but recursively false, theorems: the
Uniform Continuity Theorem (UCT) and a version of the Fan Theorem (FTΠ01 ).
1 Earlier work has already revealed many
theorems that are equivalent to these [6,11]. 2 In this paper we will study the relation between UCT, FTΠ01 , and theorems
∗ Corresponding author.
E-mail addresses: H.Diener@math.canterbury.ac.nz (H. Diener), I.Loeb@math.canterbury.ac.nz (I. Loeb).
1 In intuitionistic mathematics FTΠ01 can be proved using Bar-Induction and Continuity Principles.
2 The papers [2–4] are all concerned with other variants of UCT, than the one in this paper.
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about sequences of real functions with a compact domain. Important notions in this context, such as equicontinuity and
uniform equicontinuity, were also discussed in [8,9] in a weaker setting.
This paper has two main contributions. Firstly it gives an overview of and contrasts the role of equicontinuity on the
interval [0, 1] in classicalmathematics (Section 3), intuitionisticmathematics (Section 4), Bishop’s constructivemathematics
(Section 5), and Russian recursive mathematics (Section 8).3 Many of the theorems discussed are well-known, but there are
some original results, especially in the Sections 5 and 8.
Secondly, in Section 6 we study theorems about equicontinuity on the interval [0, 1] in the light of Constructive Reverse
Mathematics. Ascoli’s Lemma is investigated in Section 7. Because we prove that most of these theorems are equivalent to
UCT, and that one is equivalent to FTΠ01 , this raises the question how UCT and FTΠ01 are related. This is partly answered in
Section 2. We will also come back to this in the Discussion (Section 9), where we will give a more complete overview of
varieties of the Fan Theorem that have been studied in the scope of Constructive Reverse Mathematics so far.
2. Preliminaries
In this section we provide, for reference, some definitions from analysis and logic that will be used later.
Firstly we recall the following definitions. Let (X, ρ) be a metric space. We say that a function f : X → R is
B (pointwise) continuous if for each x in X and ε > 0, there exists δ > 0 such that for each y in X if ρ(x, y) < δ, then
|f (x)− f (y)| < ε; (1)
B uniformly continuous if for each ε > 0 there exists δ > 0 such that if x, y ∈ X and ρ(x, y) < δ, then (1) holds.
Note that we do not require the existence of a modulus of continuity.
Secondly we give the definition of the Uniform Continuity Theorem:
UCT: Every pointwise continuous function from [0, 1] to R is uniformly continuous.
This statement is not the most general formulation of the theorem, but the following result from [11] shows that it is
equivalent to more general versions.
Proposition 1 (BISH). The following statements are equivalent.
(i) UCT
(ii) Every pointwise continuous function from a compact metric space into a metric space is uniformly continuous.
(iii) Every pointwise continuous function from Cantor space 2N into R is uniformly continuous.
Notions of equicontinuity generalise counterparts for continuity. We say that a sequence (fn)n>0 of real-valued functions
on [0, 1] is
B (pointwise) equicontinuous if for each x in [0, 1] and ε > 0, there exists δ > 0 such that if y in [0, 1] and |x − y| < δ,
then
|fn(x)− fn(y)| < ε for all n; (2)
B uniformly equicontinuous if for each ε > 0 there exists δ > 0 such that if x, y ∈ [0, 1] and |x− y| < δ, then (2) holds.
We can also generalise notions of convergence to sequences of functions. We say that a sequence (fn)n>0 of real-valued
functions on [0, 1] is
B (pointwise) convergent if there exists a real-valued function f from [0, 1] such that for each x in [0, 1] and ε > 0 there
existsm ∈ N such that
|fn(x)− f (x)| < ε for all n > m; (3)
B uniformly convergent if there exists a real-valued function f from [0, 1] such that for each ε > 0 there exists m ∈ N
such that (3) holds for all x ∈ [0, 1].
We call f the limit of the sequence. We could have defined pointwise convergence differently, stating that for every x in
[0, 1] the sequence (fn(x))n>0 converges to some real number y. This is, however, equivalent to the definition above, which
can be proved using Unique Choice. Remember that we do not assume that the function f is continuous.
The last notion of analysis we will need is that of total boundedness. An ε-approximation to a metric space (X, ρ) is a
subset Y of X such that for each x ∈ X there exists y ∈ Y withρ(x, y) < ε. The set X is totally bounded if for each ε > 0 there
exists a finite ε-approximation to (X, ρ). The metric we use for function spaces is the metric associated with the supremum
norm:
||f || := sup{|f (x)| : x ∈ X}
3 To make immediately clear in which variety we are working, we start each theorem with one of the abbreviations ‘‘(CLASS)’’, ‘‘(INT)’’, ‘‘(BISH)’’ or
‘‘(RUSS)’’.
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for all uniformly continuous functions f on a totally bounded space X into R.
Turning now to more logical matters, let 2∗ be the set of finite strings/sequences over {0, 1} , and let ∗ denote the usual
concatenation operation on strings. For each element α of 2N, and each natural number n,write
αn = 〈α(0), α(1), . . . , α(n− 1)〉
(in particular, α0 is the empty string).
For convenience if f : 2N → R and u ∈ 2∗, we will use f (u) as a shorthand for f (u ∗ 〈0〉 ∗ . . .).
Recall that a subset S of a set X is detachable (from X) if for each x ∈ X, either x ∈ S or x /∈ S. A subset B of 2∗ is called
aΠ01 -subset if there exists a detachable subset S of 2
∗ × N such that for each (u, n) ∈ 2∗ × N, the strings (u ∗ 〈0〉, n) and
(u ∗ 〈1〉, n) belong to S, and
B = {u ∈ 2∗ : ∀n ∈ N ((u, n) ∈ S)} .
A subset B of 2∗ is called a bar for 2∗ if for each α ∈ 2N there exists n ∈ N such that αn ∈ B.We say that a bar B is uniform
if there exists N ∈ N such that for each α ∈ 2N there exists i 6 N with αi ∈ B. The fan theorem forΠ01 -bars (that is, bars
that areΠ01 -sets) is
FTΠ01 : EveryΠ
0
1 -bar for 2
∗ is uniform.
To our knowledge, the following result has not been published before.
Theorem 2 (BISH). FTΠ01 ⇒ UCT.
Proof. Assuming FTΠ01 , let f be a pointwise continuous function from 2
N into R. In view of Proposition 1, it will suffice to
prove that f is uniformly continuous. Given ε > 0, and using countable choice, construct a binary function λ on 2∗ × 2∗
such that
λ(u, v) = 1⇒ |f (u)− f (v)| < ε,
λ(u, v) = 0⇒ |f (u)− f (v)| > ε
2
.
Let S be the set of all ordered pairs (u, n) ∈ 2∗ × Nwith this property:
If v,w are elements of 2∗ each with length at most n− |u| , then
λ(u ∗ v, u ∗ w) = 1.
It is clear that S is detachable. Let
B = {u ∈ 2∗ : ∀n ∈ N ((u, n) ∈ S)} .
Clearly, B satisfies the second of the two defining properties of aΠ01 -set. To show that it satisfies the first, consider any (u, n)
in S. For all elements v,w of 2∗ with lengths at most n− |u| − 1,we have
λ(u ∗ 〈0〉 ∗ v, u ∗ 〈0〉 ∗ w) = 1.
Hence (u ∗ 〈0〉, n) ∈ S. Likewise, (u ∗ 〈1〉, n) ∈ S. This completes the proof that B is a Π01 -set. To prove that it is a bar,
consider any α ∈ 2N. By the pointwise continuity of f , there exists N such that for all v,w ∈ 2∗,
|f (αN ∗ v)− f (αN ∗ w)| < ε
2
;
whence λ(αN ∗ v, αN ∗ w) 6= 0 and therefore
λ(αN ∗ v, αN ∗ w) = 1. (4)
It follows that (4) holds for each n and all elements v,w of 2∗ with lengths at most n−N. Hence αN ∈ B, and B is aΠ01 -bar.
Applying FTΠ01 , we compute N such that for each α ∈ 2N there exists i 6 N with αi ∈ B. For such α and all n ∈ N we
then have (αi, n) ∈ S. It follows that for all v,w ∈ 2∗, condition (4) holds and therefore
|f (αN ∗ v)− f (αN ∗ w)| < ε.
Thus f is uniformly continuous. 
It is still unknown whether UCT implies, and is therefore equivalent to, FTΠ01 .
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3. The situation in classical mathematics
In this section we recall some classical results about equicontinuity, uniform equicontinuity, convergence and uniform
convergence. These results can be found in many text books in analysis. (See for example the exercises of Chapter 4 of [10].)
In 1821 Cauchywrote in a paper that every convergent sequence of continuous functions has a continuous limit [14]. This
is not a correct statement; not even for functions from a compact interval. One way to correct this statement is to replace
convergence by uniform convergence; another way is to require equicontinuity of the sequence.
Theorem 3 (CLASS). Every uniformly convergent sequence of continuous real-valued functions on [0, 1] has a continuous limit.
Theorem 4 (CLASS). Every equicontinuous convergent sequence of continuous real-valued functions on [0, 1] has a continuous
limit.
It appears that both solutions single out exactly the same set of sequences.
Theorem 5 (CLASS). Let (fn)n>0 be a sequence of real-valued continuous functions on [0, 1]. Then the following two statements
are equivalent:
(1) The sequence (fn)n>0 is equicontinuous and converges.
(2) The sequence (fn)n>0 converges uniformly.
Note, however, that there exist sequences of continuous functions with a continuous limit that do not converge uniformly.
The next theorem connects continuity and equicontinuity and can be seen as a generalisation of UCT.
Theorem 6 (CLASS). Every equicontinuous sequence of real-valued functions on [0, 1] is uniformly equicontinuous.
4. The situation in intuitionistic mathematics
In intuitionistic mathematics all (real-valued) functions are continuous and the Fan Theorem (in its most general form)
holds. With this, in [19] (p. 290) the following is proved:
Theorem 7 (INT). All convergent sequences of real-valued continuous functions on [0, 1] are uniformly convergent.
We can add to this:
Theorem 8 (INT). All convergent sequences of real-valued continuous functions on [0, 1] are equicontinuous.
This also entails that every convergent sequence of continuous functions has a continuous limit.
The following theorem is therefore a bit vacant, but it serves here as an intuitionistic counterpart of Theorem 5.
Theorem 9 (INT). Let (fn)n>0 be a sequence of real-valued continuous functions on [0, 1]. Then the following two statements are
equivalent:
(1) The sequence (fn)n>0 is equicontinuous and converges.
(2) The sequence (fn)n>0 converges uniformly.
Furthermore the following holds ([18] p. 507; compare Theorem 6):
Theorem 10 (INT). Every equicontinuous sequence of real-valued functions on [0, 1] is uniformly equicontinuous.
Also a proof of the following theorem can be found in [18] (p. 507):
Theorem 11 (INT). Let (fn)n>0 be a sequence of real-valued continuous functions on [0, 1]. If (fn)n>0 is totally bounded, then it
is equicontinuous.
5. The situation in Bishop’s constructive mathematics
In this section we prove some constructive variants of theorems from the Sections 3 and 4. This will help us to establish
reverse results in the next section.
Lemma 12 is a constructive counterpart of Theorem 3; Lemma 13 is a constructive counterpart of Theorem 4; Proposi-
tion 14 is a constructive counterpart of the Theorems 5 and 9; Proposition 15 is a constructive counterpart of Theorem 11.
The proof of the next lemma is in essence already present in the proof of Theorem 4.11 of [7], and can be found more
explicitly as Theorem 7.2 in [1].
Lemma 12 (BISH). Every uniformly convergent sequence of uniformly continuous real-valued functions on [0, 1] has a uniformly
continuous limit.
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Proof. Let (fn)n>0 be a uniformly convergent sequence of uniformly continuous real-valued functions on [0, 1]; let f be its
limit. Let ε > 0. Determine N such that |fm(x) − f (x)| < 13ε for every x ∈ [0, 1],m > N . Determine δ > 0 such that
|x− y| < δ implies |fN(x)− fN(y)| < 13ε. Let x, y ∈ [0, 1] such that |x− y| < δ. Then
|f (x)− f (y)| 6 |f (x)− fN(x)| + |fN(x)− fN(y)| + |fN(y)− f (y)|
<
1
3
ε + 1
3
ε + 1
3
ε = ε. 
Lemma 13 (BISH). Every uniformly equicontinuous convergent sequence of real-valued functions on [0, 1] has a uniformly
continuous limit.
Proof. Let (fn)n>0 be a uniformly equicontinuous convergent sequence of real-valued functions on [0, 1] with limit f . Let
ε > 0 . Determine δ such that |x − y| < δ implies |fi(x) − fi(y)| < 13ε for all i ∈ N; x, y ∈ [0, 1]. Let x, y ∈ [0, 1] such that
|x− y| < δ. Determinem0,m1 such that |fn(x)− f (x)| < 13ε for all n > m0, and |fn(y)− f (y)| < 13ε for all n > m1. Define
p := m0 +m1.
Then
|f (x)− f (y)| 6 |f (x)− fp(x)| + |fp(x)− fp(y)| + |fp(y)− f (y)|
<
1
3
ε + 1
3
ε + 1
3
ε = ε. 
Proposition 14 (BISH). Let (fn)n>0 be a convergent sequence of uniformly continuous real-valued functions on [0, 1], then the
following two statements are equivalent:
(1) The sequence (fn)n>0 converges uniformly;
(2) The sequence (fn)n>0 is uniformly equicontinuous;
Proof. 1⇒ 2 Let ε > 0. Determine N such that |fm(x) − f (x)| < 13ε for all x ∈ [0, 1],m > N . Determine δi > 0 such
that |x − y| < δi implies |fi(x) − fi(y)| < ε. By Theorem 12, determine δω > 0 such that |x − y| < δω implies
|f (x)− f (y)| < 13ε. Define
δ := min{δω} ∪ {δi : i 6 N}.
Let x, y ∈ [0, 1] such that |x− y| < δ. Then for n 6 N it is clear that |fn(x)− fn(y)| < ε. Let n > N; then
|fn(x)− fn(y)| 6 |fn(x)− f (x)| + |f (x)− f (y)| + |f (y)− fn(y)|
<
1
3
ε + 1
3
ε + 1
3
ε = ε.
2⇒ 1 Let ε > 0. Determine δ0 > 0 such that |x−y| < δ0 implies |fn(x)− fn(y)| < 13ε for all x, y ∈ [0, 1], n ∈ N. Determine
δ1 > 0 such that |x − y| < δ1 implies |f (x) − f (y)| < 13ε for all x, y ∈ [0, 1] (Theorem 13). Determine m such that
2−m < min{δ0, δ1}. For all i 6 2m define xi := i2−m. For all i 6 2m determine ni such that |fni(xi) − f (xi)| < 13ε.
Define
N := max{ni : i 6 2m}.
Let y ∈ [0, 1]. Determine i such that |y− xi| < 2−m; then
|fN(y)− f (y)| 6 |fN(y)− fN(xi)| + |fN(xi)− f (xi)| + |f (xi)− f (y)|
6
1
3
ε + 1
3
ε + 1
3
ε = ε. 
Proposition 15 (BISH). Every totally bounded sequence of uniformly continuous real-valued functions on [0, 1] is uniformly
equicontinuous.
Proof. Let (fn)n>0 be a totally bounded sequence of uniformly continuous real-valued functions on [0, 1]. Let ε > 0.
Determine m such that for all k ∈ N there exists j 6 m such that ||fk − fj|| < 13ε. Determine δi for every i 6 m such
that |x− y| < δi implies that |fi(x)− fi(y)| < 13ε. Define
δ := min{δi : i 6 m}.
Now let l ∈ N; let x, y ∈ [0, 1] such that |x− y| < δ. Determine j 6 m such that ||fl − fj|| < 13ε. Then
|fl(x)− fl(y)| 6 |fl(x)− fj(x)| + |fj(x)− fj(y)| + |fl(y)− fj(y)|
<
1
3
ε + 1
3
ε + 1
3
ε = ε. 
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5.1. Construction of linear approximations
We will now construct for every real-valued continuous function f on [0, 1] an equicontinuous sequence (fn)n>0 of
real-valued uniformly continuous functions on [0, 1] that converges to f . This construction plays an important role in the
equivalence proofs of the next section.
To construct the nth function of this sequence, the key idea is to define
fn(i2−n) := f (i2−n)
for each i 6 2n, and to interpolate linearly between these points.
Definition 16. Let f : [0, 1] → R be a continuous function. Define for each n ∈ N and each i < 2n a real numbermn,i by
mn,i = f ((i+ 1)2−n)− f (i2−n).
Define for every n a function gn :⋃06i62n−1[i2−n, (i+ 1)2−n] → R by
gn(x) := 2nmn,ix+ f (i2−n)− imn,i for x ∈ [i2−n, (i+ 1)2−n].
The nth linear approximation to f , fn : [0, 1] → R, is the uniformly continuous extension of gn to the domain [0, 1] ([7],
Chapter 4, Lemma 3.7; [12], Corollary 6).
for every i < 2n. We call the sequence (fn)n>0 the sequence of linear approximations to f .
Lemma 17 (BISH). Let f be a real-valued continuous function on [0, 1]; let (fn)n>0 be its sequence of linear approximations. Then
(1) the sequence (fn)n>0 is convergent;
(2) the sequence (fn)n>0 is equicontinuous;
(3) the function fn is uniformly continuous for every n;
(4) for every ε > 0 there exists an ε-approximation {x0, x1, . . . , xn} of [0, 1] such that {(fi(x0), fi(x1), . . . , fi(xn)) : i ∈ N} is
totally bounded.
Proof. Let f be a real-valued continuous function on [0, 1]; let (fn)n>0 be its sequence of linear approximations.
(1) Let x ∈ [0, 1]; let ε > 0. Determine m such that |x − y| 6 2−m implies |f (x) − f (y)| < 13ε for all y (by continuity of f ).
Let p > m. Determine k such that k2p 6 x 6
(k+2)
2p . Then for l ∈ {k+ 1, k+ 2}∣∣∣∣fp ( k2p
)
− fp
(
l
2p
)∣∣∣∣ 6 ∣∣∣∣fp ( k2p
)
− f (x)
∣∣∣∣+ ∣∣∣∣f (x)− fp ( l2p
)∣∣∣∣
=
∣∣∣∣f ( k2p
)
− f (x)
∣∣∣∣+ ∣∣∣∣f (x)− f ( l2p
)∣∣∣∣
<
1
3
ε + 1
3
ε = 2
3
ε.
Thus (by the definition of fp) |fp(x)− fp( k2p )| < 23ε. Hence
|fp(x)− f (x)| 6
∣∣∣∣f (x)− f ( k2p
)∣∣∣∣+ ∣∣∣∣fp(x)− fp ( k2p
)∣∣∣∣+ ∣∣∣∣f ( k2p
)
− fp
(
k
2p
)∣∣∣∣
<
1
3
ε + 2
3
ε + 0 = ε.
(2) Let x ∈ [0, 1]; ε > 0. Determinem such that |x− y| 6 2−m implies that |f (x)− f (y)| < 14ε for all y (by continuity of f ).
Determine for all i 6 m δi such that |x − y| 6 δi implies that |fi(x) − fi(y)| < ε. Let p := m + 1. Determine k such that
k
2p < x <
(k+2)
2p . Define
δ∞ := min
{∣∣∣∣x− k2p
∣∣∣∣ , ∣∣∣∣x− k+ 22p
∣∣∣∣} .
Let
δ := min{δ0, δ1, . . . , δm, δ∞}.
We claim that |x − y| < δ implies |fi(x) − fi(y)| < ε for all y ∈ [0, 1], i ∈ N. We will show it here for the hardest case.
Let q > m. Then
k
2p
< x, y <
(k+ 2)
2p
.
By an argument similar to the above, we see that |fq(x) − fq( k2p )| < 12ε and |fq(y) − fq( k2p )| < 12ε. Therefore|fq(x)− fq(y)| < ε.
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(3) Immediate by the definition of the nth linear approximation.
(4) Let ε > 0. Determine m such that 2−m 6 ε. Then {i2−(m+1) : 0 6 i 6 2m+1} is an ε-approximation to [0, 1] . Now note
that
{(fi(0), fi(2−(m+1)), . . . , fi(1)) : i ∈ N}
is totally bounded, because for all j, k > 2m+1 and all
x ∈ {i2−(m+1) : 0 6 i 6 2m+1},
fj(x) = fk(x). 
6. Constructive reverse mathematics over BISH
This and the following section contain the main results of this paper. First we show that a number of theorems are
equivalent to UCT over BISH, under which the following statement:
Every equicontinuous sequence (fn)n>0 of real-valued functions on [0, 1] such that {fi(x) : i ∈ N} is totally bounded
for every x ∈ [0, 1] is uniformly equicontinuous.
Then we will see that the following variation of this statement is equivalent to FTΠ01 :
Every equicontinuous sequence of real-valued functions on 2N is uniformly equicontinuous.
Theorem 18 (BISH). The following statements are equivalent:
(1) UCT.
(2) Every totally bounded sequence of real-valued continuous functions on [0, 1] is uniformly equicontinuous.
(3) Every equicontinuous sequence of real-valued continuous functions (fn)n>0 on [0, 1] such that {fi(x) : i ∈ N} is totally
bounded for every x ∈ [0, 1], is uniformly equicontinuous.
(4) Every equicontinuous convergent sequence of real-valued continuous functions on [0, 1] has a uniformly continuous limit.
(5) Every equicontinuous convergent sequence of real-valued uniformly continuous functions on [0, 1] has a uniformly continuous
limit.
(6) Every equicontinuous, convergent sequence of real-valued functions on [0, 1] is uniformly convergent.
Proof. It is clear that 4 ⇒ 5. We will prove that 1 ⇒ 2 and 2 ⇒ 1; 1 ⇒ 3 and 3 ⇒ 1; 3 ⇒ 4 and 5 ⇒ 1; 3 ⇒ 6 and
6⇒ 1.
1⇒ 2 By Proposition 15.
1⇒ 3 Let (fn)n>0 be an equicontinuous sequence of real-valued functions on [0, 1] such that {fi(x) : i ∈ N} is totally
bounded. Then
{|fi(x)− fi(y)| : i ∈ N}
is totally bounded as well for every x, y ∈ [0, 1]. Hence sup{|fi(x) − fi(y)| : i ∈ N} exists for every x, y ∈ [0, 1].
Define f : [0, 1] × [0, 1] → R by
f (x, y) = sup{|fi(x)− fi(y)| : i ∈ N}.
We will show that f is continuous. Let ε > 0; let x, y ∈ [0, 1]. Determine δ0, δ1 such that |x− x′| < δ0 implies that
|fi(x)− fi(x′)| < 12ε for every i ∈ N, and |y− y′| < δ1 implies that |fi(y)− fi(y′)| < 12ε for every i ∈ N. Define
δ := min{δ0, δ1}.
Let (x′, y′) ∈ [0, 1] × [0, 1] such that |x− x′| + |y− y′| < δ. Define
M := sup{|fi(x′)− fi(y′)| : i ∈ N}.
Let j ∈ N. Then
|fj(x)− fj(y)| 6 |fj(x)− fj(x′)| + |fj(y)− fj(y′)| + |fj(x′)− fj(y′)|
6 |fj(x)− fj(x′)| + |fj(y)− fj(y′)| +M
<
1
2
ε + 1
2
ε +M = ε +M.
So for every j ∈ N: |fj(x)− fj(y)| −M < ε. Therefore
sup{|fj(x)− fj(y)| : j ∈ N} −M = sup{|fj(x)− fj(y)| −M : j ∈ N}
6 ε.
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Similarly
sup{|fj(x′)− fj(y′)| : j ∈ N} − sup{|fj(x)− fj(y)| : j ∈ N} 6 ε.
Therefore
| sup{|fj(x′)− fj(y′)| : j ∈ N} − sup {|fj(x)− fj(y)| : j ∈ N}| 6 ε.
Note now that
|f (x, y)− f (x′, y′)| = | sup{|fi(x)− fi(y)| : i ∈ N} − sup{|fi(x′)− fi(y′)| : i ∈ N}|
and we conclude that f is indeed continuous. Thus, by UCT, f is uniformly continuous.
Let ε > 0. Determine δ such that |x − x′| + |y − y′| < δ implies |f (x, y) − f (x′, y′)| < ε for all (x, y), (x′, y′) ∈
[0, 1] × [0, 1]. Let x, y ∈ [0, 1] such that |x− y| < δ. Let i ∈ N. Then
|fi(x)− fi(y)| 6 sup{|fj(x)− fj(y)| : j ∈ N}
= f (x, y) = |f (x, y)− f (x, x)| < ε.
2⇒ 1 Let f : [0, 1] → R be a continuous function. Take the sequence fn := f for all n ∈ N. Because it is totally bounded,
we may conclude that it is uniformly equicontinuous. Hence f is uniformly continuous.
3⇒ 1 Similar to the previous item.
3⇒ 4 By Lemma 13.
5⇒ 1 Let f : [0, 1] → R be a continuous function. Consider its sequence of linear approximations. By Lemma 17 this
sequence is equicontinuous, convergent (to f ), and its terms are uniformly continuous. Therefore it has a uniformly
continuous limit, i.e. f is uniformly continuous.
3⇒ 6 Let (fn)n>0 be a equicontinuous, convergent (to a limit f ) sequence of real-valued functions on [0, 1]. Note that,
because the sequence converges, {fi(x) : i ∈ N} is totally bounded for every x ∈ [0, 1]. Then, by item3of this theorem,
the sequence (fn)n>0 is uniformly equicontinuous. Hence by Proposition 14 the sequence is uniformly convergent.
6⇒ 1 Let f : [0, 1] → R be a continuous function. Let (fn)n>0 be the sequence of its linear approximations. Then, by
Lemma 17, this sequence is uniformly convergent. Let ε > 0. Determine m such that |fn(x) − f (x)| < 13ε for all
n > m, x ∈ [0, 1]. Determine δ such that |x− y| < δ implies |fm(x)− fm(y)| < 13ε for all x, y ∈ [0, 1]. Let |x− y| < δ.
Then
|f (x)− f (y)| 6 |fm(x)− fm(y)| + |fm(y)− f (y)| + |fm(x)− f (x)|
<
1
3
ε + 1
3
ε + 1
3
ε = ε. 
We now turn to an equivalent of FTΠ01 .
Theorem 19 (BISH). The following statements are equivalent
(1) FTΠ01
(2) Every equicontinuous sequence (fn)n>0 of real-valued functions on 2N is uniformly equicontinuous.
Proof. 1⇒ 2 Let (fn)n>0 be a equicontinuous sequence of real-valuedmaps on 2N. As we assume 1, Theorem 2 gives us that
fn is uniformly continuous for each n ∈ N. Now let ε > 0 be arbitrary. For all u ∈ 2∗ and n ∈ N fix a binary λ(u, n)
such that
λ(u, n) = 1⇒ sup{|fn(u ∗ v)− fn(u ∗ w)| : v,w ∈ 2∗} < ε
λ(u, n) = 0⇒ sup{|fn(u ∗ v)− fn(u ∗ w)| : v,w ∈ 2∗} > ε/2.
Without loss of generality we may assume that λ(u, n) = 1 implies that λ(u ∗ 〈0〉, n) = λ(u ∗ 〈1〉, n) = 1. Let
S = {(u, i) ∈ 2∗ × N : λ(u, i) = 1},
and
B = {u ∈ 2∗ : ∀n ∈ N.(u, n) ∈ S}.
Wewill show that B is aΠ01–bar. So let α ∈ 2N be arbitrary. As the sequence (fn)n>0 is equicontinuous there exists
N ∈ N such that for any i ∈ N
sup{|fi(αN ∗ v)− fi(αN ∗ w)| : v,w ∈ 2∗} < ε/2.
Hence also
∀i ∈ N .λ(αN, i) = 1,
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which means that αN ∈ B. Hence B is a bar. The other requirements that make B into aΠ01–bar are satisfied by the
definition of B and our choice of λ.
As we assume FTΠ01 , B is a uniform bar. Hence there is anM such that for any α ∈ 2N there exists a j 6 M with
λ(αj, i) = 1 for any i ∈ N.
By our choice of λ, also
λ(αM, i) = 1 for any i ∈ N.
Then for any α ∈ 2N and for any i ∈ N
sup{|fi(αM ∗ v)− fi(αM ∗ w)| : v,w ∈ 2∗} < ε,
and hence (fn)n>0 is uniformly equicontinuous.
2⇒ 1 Let B be a Π01–bar. So there exists a detachable set S, such that for each (u, n) ∈ S the strings (u ∗ 〈0〉, n) and
(u ∗ 〈1〉, n) also belong to S, and
u ∈ B⇔ ∀n ∈ N.(u, n) ∈ S.
For all n let
fn(α) = min{i ∈ N : (αi, n) ∈ S}.
The sequence (fn)n>0 is equicontinuous. By 2, the sequence (fn)n>0 is uniformly equicontinuous, and hence we can
find N ∈ N such that for any α, β ∈ 2N and for any i ∈ N
αN = βN =⇒ |fi(α)− fi(β)| < 1.
Since {fi(α) : i ∈ N} is bounded for each α ∈ 2N, we can findMu ∈ N for any u ∈ 2∗ with |u| = N , such that
|fi(u)| + 1 < Mu
for all i ∈ N. Hence for
M := max{Mu : u ∈ 2∗ ∧ |u| = N}
we have that |fi(α)| < M for all i ∈ N and any α ∈ 2N. That means that for any α ∈ 2N and i ∈ Nwe must have that
(αM, i) ∈ S, as S is detachable and the assumption that (αM, i) /∈ S implies |fi(α)| > M which contradicts what was
said above. Hence B is a uniform bar. 
Using the same embedding techniques as in [11] it seems feasible to replace 2N by [0, 1] in the previous theorem. That
would be a desired result, as it shows more clearly the contrast in strength between UCT (by Theorem 18(3)) and FTΠ01 . The
construction in [11] is intuitive, but technically involved. We will not prove the theorem for the interval [0, 1] in this paper.
7. Ascoli’s lemma
The most prominent place that equicontinuity takes in classical mathematics, is in Ascoli’s lemma:
(Classical Ascoli). Let (fn)n>0 be a sequence of real-valued continuous functions on [0, 1] such that the set{fn(x) : n ∈ N} is bounded for each x ∈ [0, 1]. If (fn)n>0 is equicontinuous, then it has a convergent subsequence.
If we take constant functions, we see that this theorem implies the Bolzano–Weierstrass Theorem:
(Bolzano–Weierstrass Theorem). Every bounded sequence of real numbers has a convergent subsequence.
The Bolzano–Weierstrass Theorem cannot be proved within Bishop style constructive mathematics, since in RUSS one
can construct a Specker sequence; that is a bounded, increasing sequence of real numbers that does not converge [13,
Theorem 3.1].4
Consider the following two constructive variants. The first can be found in [7], the second is a constructive version of a
theorem of [18].
(Bishop’s Ascoli). Let (fn)n>0 be an uniformly equicontinuous sequence of real-valued functions on [0, 1] such that for
each ε > 0 there exists an ε-approximation {x0, x1, . . . , xn} to [0, 1] such that
{(fi(x0), fi(x1), . . . , fi(xn)) : i ∈ N}
is totally bounded, then {fi : i ∈ N} is totally bounded.
4 More detailed, constructive work on BW can be found in [16,15].
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(De Swart’s Ascoli). Let (fn)n>0 be a uniformly equicontinuous sequence of real-valued functions on [0, 1]. If {fi(x) :
i ∈ N} is totally bounded for every x ∈ [0, 1], then for each ε > 0 there is a finite covering of (fn)n>0 by sets of diameter
less than or equal to ε.
In this section we study two strengthenings of these statements: a version of Bishop’s Ascoli in which the hypothesis
is weakened and a version of De Swart’s Ascoli with a stronger conclusion. We will see that neither of these is provable
in Bishop’s constructive mathematics, as the former is equivalent to UCT and the latter implies the Limited Principle of
Omniscience:
LPO: For any binary sequence α, either α(n) = 0 for all n ∈ N, or there exists n ∈ N such that α(n) = 1.
We start with a strengthening of Bishop’s Ascoli, which can also be found in [18]. If we replace ‘‘uniformly
equicontinuous’’ by ‘‘equicontinuous’’, the so-obtained theorem is equivalent to UCT over BISH:
Theorem 20 (BISH). The following two statements are equivalent:
(1) UCT.
(2) Let (fn)n>0 be an equicontinuous sequence of real-valued functions on [0, 1] such that for each ε > 0 there exists an ε-
approximation {x0, x1, . . . , xn} to [0, 1] such that
{(fi(x0), fi(x1), . . . , fi(xn)) : i ∈ N}
is totally bounded, then {fi : i ∈ N} is totally bounded.
Proof. 1⇒ 2 Let (fn)n>0 be an equicontinuous sequence of real-valued functions on [0, 1] such that for each ε > 0 there
exists an ε-approximation {x0, x1, . . . , xn} to [0, 1] such that
{(fi(x0), fi(x1), . . . , fi(xn)) : i ∈ N}
is totally bounded. Then {fi(x) : i ∈ N} is totally bounded for every x ∈ [0, 1]. Hence by Theorem 18(3) the sequence
(fn)n>0 is uniformly equicontinuous. The statement now follows by Bishop’s Ascoli.
2⇒ 1 Let f be a real-valued continuous function on [0, 1]. Construct its sequence of linear approximations (fn)n>0. Then,
by Lemma 17, this sequence is equicontinuous and for all ε > 0 there exists an ε-approximation {x0, x1, . . . , xn} of
[0, 1] such that
{(fi(x0), fi(x1), . . . , fi(xn)) : i ∈ N}
is totally bounded. So we can apply statement 2 to the sequence (fn)n>0, which means that {fi : i ∈ N} is totally
bounded. Statement 1 now follows by Proposition 15 and Lemma 13. 
We now strengthen De Swart’s Ascoli as follows:
(Strong Ascoli) For every uniformly equicontinuous sequence (fn)n>0 of real-valued functions on [0, 1], such that{fi(x) : i ∈ N} is totally bounded for every x ∈ [0, 1], the set {fi : i ∈ N} is totally bounded as well.
This appears to be a dramatic change, as the following theorem shows:
Theorem 21 (BISH). Strong Ascoli implies LPO.
Proof. Let α ∈ 2N. We define a sequence (fn)n>0 of real-valued functions on [0, 1] as follows:
f0(x) = x for all x ∈ [0, 1]
f1(x) = 1− x for all x ∈ [0, 1].
Also for all n > 1
• If α(n− 2) = 0, then
fn(x) = x for all x ∈ [0, 1].
• If α(n− 2) = 1, then
fn(x) = max{x, x− 1} for all x ∈ [0, 1].
Now it is easy to check that the sequence (fn)n>0 is (uniformly) equicontinuous, and that the set {fi(x) : i ∈ N} is totally
bounded for every x ∈ N.
Now assume that the sequence (fn)n>0 is totally bounded. (Or, equivalently, that for every ε > 0 there exists a finite ε
-approximation {x0, x1, . . . , xn} to [0, 1] such that the set
{(fi(x0), fi(x1), . . . , fi(xn)) : i ∈ N}
is totally bounded in Rn.)
Take ε = 1. Determinem such that for all j ∈ N there exists n 6 m such that ||fj − fn|| < 1. If α(n− 2) = 0 for all n 6 m,
we may conclude that α(n− 2) = 0 for all n ∈ N. Therefore α(n) = 0 for all n ∈ N or there exists n such that α(n) = 1. 
This means especially that we have no hope to prove Strong Ascoli from any variant of the Fan Theorem, or from any
other intuitionistic principle.
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8. Counterexamples in recursive mathematics
Because there is a strong counterexample for UCT in Recursive Mathematics [13], the proofs of Sections 6 and 7 give rise
to strong counterexamples for the statements that imply UCT.
Theorem 22 (RUSS). There exist:
(1) a totally bounded sequence of real-valued continuous functions on [0, 1] that is not uniformly equicontinuous;
(2) an equicontinuous convergent sequence of real-valued uniformly continuous functions on [0, 1] that does not have a uniformly
continuous limit;
(3) an equicontinuous convergent sequence of real-valued uniformly continuous functions on [0, 1] that is not uniformly
convergent;
(4) an equicontinuous sequence (fn)n>0 of real-valued uniformly continuous functions on [0, 1] such that for each ε > 0 there
exists an ε-approximation {x0, x1, . . . , xn} to [0, 1] such that
{(fi(x0), fi(x1), . . . , fi(xn)) : i ∈ N}
is totally bounded, but {fi : i ∈ N} is not totally bounded.
Proof. Let f be a real-valued continuous, but not uniformly continuous function on [0, 1].
(1) Define a sequence (fn)n>0 by fn = f for every n ∈ N. This sequence is totally bounded, but not uniformly equicontinuous.
(Suppose it is uniformly equicontinuous, then every term of the sequence, i.e. f , is uniformly continuous. Contradiction.)
(2) The sequence of linear approximations for f is equicontinuous and convergent, but does not have a uniformly
equicontinuous limit.
(3) The sequence of linear approximations for f is equicontinuous and convergent, but is not uniformly equicontinuous.
(Suppose it is uniformly equicontinuous. Then it has a uniformly continuous limit. Contradiction.)
(4) Let (fn)n>0 be the sequence of linear approximations for f . The sequence answers the requirements by Lemma 17. But
suppose that {fi : i ∈ N} is totally bounded. Then (fn)n>0 is uniformly equicontinuous by Proposition 15, and we get a
contradiction when we apply Lemma 13. 
9. Discussion
The results presented in this paper add even more equivalences to Fan–theoretic aspects of constructive reverse
mathematics. There are four varieties of the (full) Fan Theorem that have been studied or used in the past: FT∆ [17], FTc
[5], UCT [11] and FTΠ01 [6]. The latter two principles have been defined in Section 2. To state the other two principles, we
need some final definitions:
A subset C of 2∗ is called a c-set, if there exists a detachable set D of 2∗ such that
C = {u ∈ 2∗ : ∀w ∈ 2∗(u ∗ w ∈ D)}.
A bar B ⊂ 2∗ is called a c-bar (for 2∗), if B is a c-set and a bar.
With this definition FT∆ and FTc read as:
FT∆: Every detachable bar for 2∗ is uniform.
FTc : Every c-bar for 2∗ is uniform.
The following implications hold:
FT∆ FTcks UCTks FTΠ01ks
It is unknown whether any of these implications are strict. None of the big three varieties of constructive mathematics—
namely classical mathematics, intuitionistic mathematics and Russian recursive mathematics—separate them. Furthermore
there is no model to our knowledge that does. In view of this, it is of interest to the program of constructive reverse
mathematics to associate theorems concerning continuity in to these four (or less) categories. We can say slightly more
aboutwhat kind of theorem is likely to fall intowhich category. Peter Schuster has shown in [17] thatmanyunique existence
theorems are equivalent to FT∆. The FTc category seems to attract mainly theorems about sequences and sequential
continuity. This is no surprise given that FTc is equivalent to an antithesis of Specker’s Theorem [5]. Even less surprising
is that theorems concerning uniform continuity fall into the UCT category [11]. The principle FTΠ01 looks like a natural one
from a logicians point of view, but fails to have as many known interesting equivalents as the other three.
For another overview of compactness principles in Bishop’s constructive mathematics see [15].
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